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Statistical Methods in BaBar

Aaron Roodman

(lecture notes by M. Peskin)

In this lecture, I will describe the procedures for evaluating estimates and error in-
tervals used by the BaBar experiment. Most of our results are based on the mazimum
likelihood method.

In particular, we typically use unbinned mazimum likelihood. That is, we construct
a likelihood function for the variables z; that we actually measure, we evaluate the
likelihood function at the measured values, and we maximize this function to obtain
our estimates.

A typical BaBar analysis will be based on variables such as: mgg and AE (vari-
ables used to kinematically identify BB events), NN (the output of a neural network
classifier), At and oa; (the value and measurement error for the B lifetime), and
information from a flavor tag. The PDF used in the likelihood function .will also
depend on some parameters oy. These include underlying physics parameters and
parameters such as the width of the Gaussian distribution of mgg in signal events.
The likelihood also depends on the number of events in a way that I will be more
explicit about below.

For each event, the PDF is built up as a product of factors

'?{1',3%) = 'P(mgg)?(bE)?.(NN)“

For example, for mgg, the distribution P{mgg) has the shape
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respectively, for signal and background processes. Systematical errors are included
in the PDF by convolving the underlying distributions with resolution functions, for
example,
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To combine these PDFE’s into a likelihood function, we must take account that
events are generated by a variety of processes that fall into various catagories
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The kinematic distributions are different for events of each category. The likelihood
function will depend on quantities n;, the number of events from processes in the
category i. Let
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The likelihood function is now constructed as follows: For each event, we assemble
the product of PDF’s for individual measured quantities, sum over the contributions
of different categories of events, and then take the product over events:

cI = N 2 £ B G,
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We also include a Poisson factor for the total number of events; this gives the extended
likelthood function
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We now must maximize this function with respect to the n; and the variables oy,
keeping the number of observed events {which is the sum of the n;) fixed. Dropping
factors that are constant in the maximization
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It is easiest to work with the log(likelihood), for which the product becomes a sum.

To quote errors in ¢’s, it is useful to relate the results to those for a Gaussian
distribution. Work through the simplest case of a Gaussian PDF, with one measured
variable z and one unknown u. The likelihood is
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Taking the logarithm,
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Minimization gives
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If there are multiple measurements, possibly with different errors, the likelihood func-
tion would be

(*J“MJ /26 A

leading to the estimate
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The uncertainty on p is given by
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For multiple measurements, this evaluates to
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which reduced to the familiar result 02/N for N measurements with the same error.

Another way to evaluate this uncertainty is to look at the shape of the likelihood
distribution. We usually study the quantity

L = - [_kg,ﬁ -~ l-éi(ww]



which takes a minimum value of 0 at the best estimate of . Then
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For a Gaussian likelihood function, the standard error interval is found by setting

L= -y -l 1) = &

For a likelihood function that is not a Gaussian, we minimize the log likelihood
function using the program MINUIT. This is a heavy-duty 1960’s-era function min-
imizer that is the standard in high-energy. It is especially forgiving in finding a
minimum from a wide range of starting values. (However, it is necessary to exper-
iment with a number of starting values to be sure of finding the global miniimum).
One might describe MINUIT as old, but battle-tested. MINUIT containg associated
routines for estimating the error matrix about the minimum.

To quote an error, we find the contour where
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Alternatively, the significance of a result u # 0 is estimated by

Q[L‘(") = Nﬂchgm ;«

In computing the log likelihood function as a function of u, we minimize, for each
fixed p, over the additional parameters a;. To evaluate upper limits, we integrate
the area under the exponential of this function,
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Many BaBar papers give as their result a plot of the log likelihood function. This
is especially useful in cases where the likelihood is very different from a Gaussian,
and especially when there are multiple minima.

The figures show some examples of this approach in actual BaBar measurements.
The first set of figures are taken from the paper “Observation of the decay B° —
7°7%”, Phys. Rev. Lett. 91, 241801 (2003) [hep-ex/0308012]. The first set of figures
shows the kinematic distributions in three variables in the original data sample. The
second set of distributions shows the fit to these variables in the final data sample after
selection cuts, and the final log likelihood function. The analysis gave a significance
of 4.2 ¢ from the maximum likelihood fit. This can be compared to a significance of
2.7 o from a parallel, purely cut-based analysis.

The second set of figures are taken from the paper “Search for Dimuon Decays
of a Light Scalar Boson in Radiative Transitions T — vA%", Phys. Rev. Lett. 103,
081803 (2009) [arXiv:0905.4539 |hep-ex]]. This experiment involved searching for a
photon of a definite energy that might be recoiling against a very weaklycoupled
scalar boson. This was a search for a small signal on top of a large background.
The data was fit to a smooth background plus a Gaussian with the known resolution
in photon energy. Both positive and negative values of the coefficient of the signal
Gaussian were allowed. The distribution of fitted coefficients for the signal is shown
in the lower left. Some 30 excesses were observed, but the number of these was
consistent with the expectation from statistical fluctuations of the background. The
curve in the upper right shows the log likelihood function for a particular value of the
scalar boson mass. Such curves were used to set the upper limits on the branching
fraction to this mode shown in the lower right.

The third set of figures are taken from the paper “Measurements of CP-violating
asymmetries in the decay B® — K+K~K"”, Phys. Rev. Lett. 99, 161802 (2007)
[arXiv:0706.3885 [hep-ex||. These show the likelihood function used in a measurement
of the effect value of the CKM angle 5 contributing to the CP asymmetry in this decay.
The fitted At distributions are shown in the lower right. The curve in the lower left
is the final log likelihood distribution. The two local minima correspond to the two
values of 3 giving the same value of sin 23. The likelihood curve quantified the level
of confidence with which the lower of these solutions is selected.



Observation of a Significant Excess of 777 Events in B Meson Decays
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Search for Dimuon Decays of a Light Scalar Boson in Radiative Transitions Y — yA°
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Measurements of CP-Violating Asymmetries in the Decay B’ — K* K~ K°
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