Physics 212 — Problem Set # 3
(due Friday, October 21)

1. The system of a liquid and gas has a first-order phase transition. Along the line of the
transition, liquid and gas coexist at the same pressure with very different densities. As
you follow the coexistence line to higher temperatures, the densities of the liquid and
the gas become closer. The gas is compressed at higher temperature along this curve,
while the liquid expands. At a certain point, the two densities become equal. Then
the difference between the liquid and gas disappears. This is a critical point.

We can model this behavior using the Ising model.

(a)

Consider first the situation of an ideal gas. Write the classical partition function
for a gas of n molecules in a volume V', in 3 dimensions, taking the Hamiltonian
to be
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Don’t forget the Gibbs factor 1/n! taking into account that the molecules are
identical particles. [Note that n is extensive; I use lower case to distinguish n
from N, which will appear later.|

Compute the pressure as
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and verify the ideal gas law. Compute the chemical potential
p=(0OF/on)|vr . (3)
Compute the grand canonical partition function
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The associated free energy is ®, given by = = e #®. @ is related by F by a
Legendre transformation
O =F—pun. (5)

Show, by the general rules for Legendre transformations, that
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® is extensive, but p is intensive. Use this information to argue that
= —p(T, W)V (7)

Check the ideal gas law again.



(e)

A more realistic liquid-gas system has a potential V' between molecules. This
gives a term
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in the Hamiltonian, and in general it is not so easy to compute the partition
function when this term is included. Show that it is still true, however, that the
terms from the integral over the p; do not contribute to the pressure. Let’s drop
these terms from here on.

We can model the effects of the interaction V using the Ising model. This treat-
ment is called a lattice gas. Consider a square lattice of N sites with a spin S; at
each site taking values S; = +1. Take the lattice spacing to be 1, so N = V. Let
S; = +1 represent a molecule and S; = —1 represent no molecule. Show that
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Let n; be 1 if there is a molecule on the site ¢ and 0 if not.

Starting from the Ising model Hamiltonian

Hlsing = _JZ SiSi+V - HZ Si ) (1())
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convert S; to m;. Show that the Ising model partition function is converted to a
grand canonical partition function for a gas with an interaction

V(i,j) = Vobiy — 4> (0ijow +0ijv) (11)

with Vy — +o00. That is, the Ising model gives a gas with molecules restricted to
the lattice sites, with a hard-core repulsion and an attractive interaction with a
range of one lattice site. Show that

w=2H—12J . (12)
and that the grand partition function can be computed as

=, T, V) = e NI 7, o(T, H,N) . (13)

We can now work out the physics of the lattice gas from the expression for the
free energy of the Ising model. Using the approximation of mean field theory, we
computed that this free energy is given by the minimum with respect to h of the
function

F(h) = N{—Tlochosh Bh — 3. tanh? Bh — (H — h) tanh ﬁh} (14)
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Construct @, compute the derivative with respect to u, and show that
1
n= §N(tanh Bh+1). (15)

Why is this expected?

To gain confidence, explore the dilute gas limit of the expression (14). This is
found in the limit of large negative chemical potential, i.e., H large and negative.
Show that, in this limit, tanh Sh — —1. Show that this gives a pressure following
the ideal gas law.

Next, find the pressure corresponding to the Ising model critical point at the mean
field theory critical temperature T, = 6.J.

Going back to our calculations of the Ising model in mean field, show that, for
H =0 and T just below T,, the value h, that minimizes (14) is

h, ~ V3T.(1 —T/T.)"? (16)

Using just this leading term for simiplicity, evaluate the pressure of the lattice
gas as function of the temperature, and find the coexistence curve in the p vs. T
plane. Set 6J =T, = 1 to draw the curve.

Similarly, evaluate the density p = n/V for the liquid and gas on the coexis-
tence curve, and plot the two densities in the (p,T") plane. The density changes
discontinuously across the coexistence curve in the (p,T") plane.

I hope that you see that this model does give a qualitative description of the
liquid-gas critical point.



