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Landau’s Theory of Phase Transitions

In the previous two lectures, we developed a great deal of formalism for the de-
scription of cooperative phenomena in statistical mechanics. In particular, through
analysis with mean field theory, we found that systems with cooperative interactions
can have a critical point which is the location of a transition from a disordered to an
ordered phase. Many thermodynamics functions are singular at the critical point. In
this lecture, I will present a semiquantitative method due to Landau that gives an
intuitive and very lluminating picture of the critical point.

To begin this discussion, I will go back to mean field theory and discuss a little
further the mean field theory solution of the Ising model. In our previous discussion,
we found, in some cases, multiple solutions of the self-consistency equation of mean
field theory. I claimed that certain solution were prefered over others because they
corresponded to states of lower free energy. I will now explain that statement.

Mean fleld theory is an approximation scheme for computing the partition function
and correlation functions of a statistical mechanics model. I will now show that it
can be derived as a wvariational principle. This argument is not necessarily a more
convincing for the validity of mean field theory, but it will give us some additional
insight into the results of mean field theory calculations.

Consider, then, the calculation of
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Usually, we cannot compute Z exactly, so we introduced some approximation. Omne
way to do this is to find a Hamiltonian Hy for which we can compute the partition

function and then compute Z from the canonical ensemble for Hy. Thus, let Z; and
Fy be defined by
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It is a property of the exponential function that it is conver downward. That is,
given z1, T2, and z = az; + (1 — a)zg, with 0 < « <1, then

X1 X Xq
More generally, given {z;} and {z;) = ¥, p;z;, with p; probabilities such that 3; p; =
1, then
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It follows that
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where (), denotes an average in the canonical ensemble for Hy. Then

T’T = T; -+ <H"Ho>o

If Hy has parameters, we can vary them to try to minimize the right-hand side.
That will provide the best variational estimate of F.

For the Ising model on a d dimensional cubic lattice,
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To approximate this model, choose
.Ho = - '12‘ S¢

and let n be a variational parameter. It is easy to compute
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and
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The expectation value of (s), is independent of ¢ T will write
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so that
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Then the variational estimate is
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Minimize the right-hand side with respect to 7,
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On the right-hand side, the first line vanishes, because
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Since & (s} /O > 0, we then find
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Putting this result into the formula for (s}, we find the equation

S = dmh 6 (23T6D 4ut)

which is just the self-consistency equation of mean field theory from our earlier treat-
ment.

The structure of F' resembles a Legendre transformation. I will now adjust the
notation slightly to make this connection explicit. Change the normalization of M
from that used in the previous lecture to

M= p 2 s
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including the factor of u. Then
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Now define a magnetic version of the Gibbs free energy as a Legendre transformation
of F(h),

G = F + wmf

This Gibbs free energy satisfies
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and can be though of as implementing the change of variables from A to M. At zero
field, the thermodynamic states are
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In fact, since G = F at h = 0 and lower values of F' correspond to more probable
thermodynamic states, the stable thermodynamic states correspond to the minima
of G(M). Another way to see this is to compute
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For stability, we must have
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so only a minimum of G(M) is stable with respect to small fluctuation. The most
probable thermodynamic state at zero field is the global minimum of G(M).

The mean field theory estimate of F(h) Legendre transforms to the following
expression for G(M):

G) = Thp) + Nu<s> A
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where
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and 7 is given in terms of {s) by
q = 24T +ph

I claim that the equation
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should give us back the variational or self-consistency equation. Explicitly,
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The second line is zero by the relation above for n, and the first line is then precisely
the self-consistency equation.

It is straightforward to construct G(M) explicitly from the mean field theory
formulae. Eliminating the n in favor of (s) implies that

< = j\;(q-—ad:ﬂw)

so that the equation 0G/0M = h becomes
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The right-hand side of this equation is not so transparent, but we can make sense
of it in relation to the graphical solution of the self-consistency equation discussed
previously. I will first make the observations that this expression is odd in {s}, behaves
near {s) =0 as

.‘é’.. < - (1- 24@3) + L)

and, as {s) — %1, tends to foo.

For T > T, or 2d3J < 2dB,J = 1, dG/8M is positive for {s) > 0, corresponding
to the situation in the graphical solution
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The integral of this expression, G(M), then increases monotonically away from
M = 0 in either direction.
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There is a unique minimum of G(M), corresponding to zero magnetization for A = (.

For T < T, or or 2d8J > 2dB8.J = 1, 0G/OM is negative for (s) > 0 and
sufficiently small, though at large values of {s), 0G/0M must become positive. This
behavior corresponds to the situation in the graphical solution
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The integral G(M). then decreases to a minimum and, after that, increases mono-
tonically. G
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The form of G(M) must be symmetric under {s) «+» — {s). Thus G(M) has a pair of
minima at symmetric points =My and at the same depth, located at

=M, -V s,

where (s) = %sg are the two nontrivial solutions of the self-consistency equation. The
solution of the self-consistency equation at (s) = 0 is seen to be a mazimum of G{M)
and therefore does not correspond to a stable thermodynamic state.

The Gibbs free energy G(M) gives us a great deal of insight into the thermo-
dynamics of magnetic ordering. This function contains the magnetization directly.
It has all of the symmetries of the original thermodynamic problem. However, it
can have minima that do not respect these symmetries. An asymmetric minimum of
G(M) is a stable but non-symmetric thermodynamic state. When such a point is a
global minimum of G(M), we have spontaneous symmetry breaking.

If G(M) has a minimum at an asymmetrical location, it must have other minima
at other locations related to this one by symmetry. In the example above, if G(M)
has a minimum at M = +M,, it must also have a degenerate minimum at M = —M,.
These two states correspond to the two partial canonical ensembles that we discussed
in relation to the transfer matrix. The free energies of these states are given by the
two degenerate largest eigenvalues of the transfer matrix. Specifics of the boundary
condition or of the method of preparation of the state determine which state is realized
in a given physical situation.

This analysis suggests a general strategy for building a phenomenological picture
of system whose thermodynamics contains the possibility of spontaneous symmetry
breaking.

1. Determine the symmetry of the model. This is described by a symmetry group
G. Find a thermodynamic observable that transforms under this symmetry.
That observable is called the order parameter.

For an Ising ferromagnetic, the symmetry group G is the group of transforma-
tions s — 8, § — —s. This group is called Z,. Its nontrivial element is parity
P. The order parameter is M, with P: M — —M.

2. Write a general function G depending on the order parameter and symmet-
ric under G. Associate parameters in G(M) with the temperature and other
thermodynamic parameters.

3. Varying these parameters, solve for the minima of G.
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In the vicinity of a critical point describing the onset of ordering, the value of the
order parameter will be small. Then it might make sense to expand G in a Taylor
expansion in the order parameter. This approach was laid out and explored by Lev
Landau begining in 1937. The resulting expression for the Gibbs free energy G is
called the Landau effective free energy.

I will now carry out this analysis for the Ising model. The Gibbs free energy G(M)
must be symmetric under M — —M. Then

G(m) = S AMT + LbM7 4.

I will assume that b > 0 for stability, but I will consider both possible signs for A.
For A > 0, G(M) has the form
<4
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But for A < 0, G(M) has the form
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with asymmetric minima. The point of transition between these two behaviors is the
critical point. Again in the spirit of a Taylor expansion, write

sA = Q(T"Te.7

with @ a positive constant. Then the minima of G(M) are given by the solutions of
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IfT > T, there is only one solution at M = 0. 1" < T, there are two new solutions,

at the points
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and these are the stable minima of G(M).
In a nonzero magnetic field, the thermodynamic state is the solution of
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Above T, for small A,
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We have now recovered the major thermodynamic predictions of mean field theory.
There exists a critical point at 7' = T, h = 0, with a nonzero magnetization appearing
for T < T,. In the vicinity of the critical point, we find the singular behaviors,

M ~ (-rc—-r)"‘ x ~ l'r--'r}.\.~l M ~ ﬂ%
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We know that these power laws are not correct for the 2 dimensional Ising model, so
there must be something wrong with Landau theory. T will discuss this issue later in
the course. For the moment, I will exploit this very useful theory to learn more about
the behavior of thermodyamic system in the neighborhood of their ertiical points.

For example, Landau theory gives us an insight into the strangest feature of the
phase diagram that we found in mean theory. In the plane of M versus 7", we found
an ezcluded region that did not correspond to any thermodynamic state.
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In terms of G(M), the excluded region corresponds to the region between the two
minima,
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If M is in this region, we could in principle try to build a uniform thermodynamic
state with G(M) higher than the minimum. However, a better solution would be to
build a state with phase separation
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so that M = +M; in some part of the volume and M = —Af, in the rest of the
volume, with the sizes of these regions adjusted so that the average magnetization is
the given M. Any such state will have G = G(M,), and these states continuously
interpolate from the minimum at M = M, to the minimum at M = —M,. The
correct form of the Gibbs free energy is then not the analytic function G{M) written
above but rather a non-analytic function of the form

ATy

with a flat segment crossing the excluded region.

The Landau phenomenological theory gives the same function G(M) for all sys-
tems with a given symmetry group G. There is then some logic in grouping together
systems with different kinds of phase transitions that share a common symmetry
group. This classification turns out to be useful even for those quantities for which
Landau theory does not give the correct results. It turns out that systems in the
same class have the same behavior in the vicinity of the critical point.

Ferromagnets fall into classes according to whether the atomic spins are con-
strained by their crystal environment to fluctuate along an axis or in a preferred
plane or are allowed to fluctuate isotropically. In these cases,

e In Ising ferromagnets, the spins fluctuate along a preferred axis. The symmetry

group G is the group Z, represented by (1, P). The order parameter M has
one component.

¢ In XY ferromagnets, the spins fluctuate in a preferred plane. The symmetry
group G is the group of rotations in 2 dimensions. The order parameter can be

represented as a vector M with two components, or, alternatively, as a complex
number M = M 4+ iM2.
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e In Heisenberg ferromagnets, the spins fluctuate isotropically in 3 dimensions.
The symmetry group G is the group of rotations in 3 dimensions. The order
parameter can be represented by a vector M with three components.

You can see how to generalize Landau theory so that the symmetry group G is a
larger group of rotations and M is an N-component vector. You might think that
these Landau theories would not describe any real system in 3 dimensions. But wait,
please.

In some materials with transition-metal atoms, neighboring spins prefer to be
antiparallel,

R R R

In an ordered phase of this type, the magnetization is zero, but the staggered mag-
netization

M = o ZQ"):SJ

where (—1)% equals 1 on even sites of the lattice and —1 on odd sites, can have a
thermodynamic expectation value. Then My, is the order parameter. Such a systems
is called an antiferromagnet. It does not show anomalies in yx, but its specific heat
is singular at a temperature called the Néel temperature, corresponding to a phase
transition to a state with M; # 0. The staggered spin ordering can be confirmed by
neutron scattering. More complex magnetic order, such as ferrimagnetism
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is also seen in some materials. Some examples of these behaviors are
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e Ferromagnets: Fe, Co, Ni, CusMnAl

o Antiferromagnets: MnQO, FeO, CoO

¢ Ferrimagnets: FesO4 (magnetite), CoFe;Oy

Another type of ordering occurs in binary alloys. An example is S-brass, which

is a 1:1 alloy of Cu and Zn. In the ordered state, atoms of the two different types
occupy even and odd lattice sites
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We can represent the Cu and Zn positions in the crystal lattice by defining a spin
variable

+ 1 Cu
-1 Zn

Then, this is a system with Zs symmetry whose order parameter is the staggered
magnetization

M - 2 (“_){S;
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The Landau free energy for -brass is the same as that for the Ising model.

In a superfluid, as I will describe later, the order parameter is a quantum mechan-
ical wavefunction occupied by a macroscopic number of {Bose-Einstein) particles. A
wavefunction is a complex number, and quantum mechanics has the symmetry of
phase rotation
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which is isomorphic to the symmetry group of 2-dimensional rotations. The Landau
theory of a superfluid is then the same as for an XY ferromagnet.

The liquid-gas transition is more subtle. There is no symmetry that connects the
liquid and gas phases. We can consider the density to be the order parameter that
distinguishes the two phases. Typically, the liquid-gas transition is disconiinuous,
with a finite change in the density from one phase to the other. However, usually the
phase diagram includes a critical endpoint where the difference between liquid and
gas disappears. This endpoint is described by the Landau free energy of the Ising
model. I will discuss this system in some detail in a later lecture.
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Liquid crystals are systems with large molecules that can have orientational order.
In a nematic liquid crystal, the order parameter is the average orientation vector
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If the molecules do not have definite ends, there is no difference between the orien-
tations described by # and —n. This affects some aspects of the ordering, as I will
discuss in the next lecture.

There are even more exotic situations. In general, the order parameter is a vector
M?® in an irreducible representation of the symmetry group G. Then
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The symmetry G might allow several quartic terms, depending on the 4-index in-
variants allowed by that representation. There are cases in which the dimension of
the representation is 4, 5, or higher. These realize Landau theories with more than 3
components in the order parameter.

In addition to obtaining information about global thermodynamic quantities from
Landau theory, we can use Landau theory to discuss situations in which the order
parameter changes slowly with position. To do this, consider the order parameter to
have a local value M(z) and the Landau polynomial function as a local density of
free energy. The global Gibbs free energy is then the spatial integral of this density.
We should still consider this description as coarse-grained with respect to the atomic
distance scale. If the order parameter changes from one point to another, there should
be a positive free energy cost to establish the nonuniform configuration. Then the
full phenomenological Gibbs free energy would read

G = \&]4Q@n)’
tia (TT)™M™ + 4 p M g

with p, a, b positive constants. The notation G[M] denotes the fact that G is a
functional of the function M(z). I will now study some consequences of this formula
in the Ising case where M (z) has one component.

A stable thermodynamic state is a minimum of G[M] with respect to the function
M{(z). Usually, M(z) will be constrained to satisfy some boundary conditions. Then,
away from the boundaries, M (x} must satisfy the variational equation

The variation of G above is given by
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If M(x) is fixed on the boundary, we can integrate by parts and write this expression
as
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Then M(x} obeys the partial differential equation

TH = 2 (MTIM +%M3

We can use this equation to revisit some of the problems that we studied for the
1 dimensional Ising model. First, consider the situation in the unmagnetized state
at T > T in which we pin the magnetization density on the boundary to a definite
value My, With this boundary condition, we can solve for M(z) in the interior.

This is a 1-dimensional problem, so the partial differential equation reduces to an
ordinary differential equation. If M(z) is small, we can ignore the M? term; then we
need to solve
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The solution, with M, on the boundary at z = 0, is

My = WM, -Q.{.F[- a__t%l'c.) 2-]

If My is large, this is still the correct behavior for large z, with a different overall
normalization. We see that M (z)} falls exponentially,

- Z/5(T)
My ~ () & /

with the correlation length
'
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The correlation length tend to infinity as 7' — T as a non-integer power of [T — T¢|.

It is not difhicult to set up and solve a 3-dimensional version of this problem.
Imagine a small region in which M(z) is fixed to a positive value. Then we can use
the variational equation to compute how M (x) falls off as we move away from this
region. For convenience, I will put the center of the region in which M(z) is fixed
at £ = 0 and consider the fixed region to be symmetric about & = 0. Then we must
solve

WZM N aﬁv;c)m : O
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for a solution symmetric about Z = 0. At T = T, this is just the Laplace equation.
The symmetric solution is

M = = L
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a Coulomb potential. The generalization to d dimensions also gives a Coulomb po-
tential, now of the form
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For T > T, the equation is that of a Yukawe potential The spherically symmetric
solution in 3 dimensions is :
4
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This solution should also describe the long-distance behavior of the spin-spin or
magnetization-magnetization correlation function

{M&) Mgy

since this function is constrained to be large and positive at & = % and to fall off
symmetrically as these points are separated. We see, then, that
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where the correlation length £(T) is given by the same expression as is quoted above.
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It is instructive to repeat this exercise for T < T>. Now the stable thermodynamic
state is one of the minima of G(M) at M = My or M = —M,. Choose the first of
these for definiteness,

M = -+ [ & U—C-“T)
b
In the expression for G[M], write

The variational equation becomes

3
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Away from regions where M(z) is constrained, the deviation m(z) should be small.
Then, expand to linear order in m(z). This gives the equation
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The first line vanishes when we use the explicit formula for My. The equation then
simplifies to

Yo = 4+ 0T "
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This equation thus also takes the form of the equation for the Yukawa potential.

Using this equation, we can repeat the analyses done above for T > T, In the
magnetized state, we can consider a boundary condition on M(z) is which M(z) is
pinned to a large value on a wall at 2 = 0. Then, far from the wall,
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with

IT) = [Qq (re-T)

Similarly, the asymptotic behavior of the magnetization-magnetization correlation
function has as its asymptotic behavior

~Ix=31 /< ¢T)
MM ~ Mo t i) E
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with this same value of £(7"). Notice that £(T") here has an extra factor of v/2 relative
to the value in in the case T > Tg, but it still diverges as |T — Tg|™Y? as T — T

There is another situation in which the variational equation is very useful. Con-
sider a situation with I" < Ty in which we set up boundary conditions so that
M({z) — My as z — oo but M(z) - —M, as z — —oo. The resulting configu-
ration M(z) would then give the shape of the domain wall that forms the boundary
between the regions of up and down magnetization. To find M{z) in this case, we
need to solve the full nonlinear equation

= M = - “(T‘T)M +‘EM3

for M(z), a function varying in one dimension only. A convenient ansatz is
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where f(w) is a function of the variable
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Plugging this formula in to the variational equation, all of the coefficients scale out,
and we are left with the equation

,_-glw) = - -?(w) + ‘g?w)

where f(w) — 1 as w — o0, f{w) — —1 as w — —oo0. A solution of the differential
equation is
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This function satisfies the boundary conditions as well. Then the solution to the
original problem is

M) = M, -f:mL(["‘J‘r 1)
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which provides a smooth transition between the two phases,
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Since
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the domain wall solution behaves asymptotically like

- (2%‘17::'”)’&2
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in agreement with our earlier results. The center of the solution can be moved to an
arbitrary position. Replacing the coefficient of z by the correlation length for T < T},
we find finally the general form of a domain wall

My = My tank [Z_;fﬂl
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