May 6

Landau Theory with Continuous Symmetry

In the previous lecture, I described Landau’s phenomenological theory of the crit-
ical peint and order-disorder transitions. I noted that the order parameter of Landau
theory can have several components that transform into one another under a contin-
uous symmetry group. This brings in new physical effects that I will now describe.

At the end of the last lecture, we computed the form of a domain wall giving the
boundary between the two ordered phases of the Ising model. I will now consider the
generalization of this problem to the XY model. We can begin from the analogous
starting point
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where ¢ = 1,2 for the XY case. This effective free energy is invariant under 2-
dimensional rotations that mix AM' and M?2. The variational equation is
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We need to find the solution M*(z) with the boundary conditions
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and L is very large, that has minimal free energy. One solution of the differential
equation is the generalization of the solution that we found in the previous lecture
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However, there is a better solution
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This is a slow rotation of M* from on end of the sample to the other. Since |M| = M,
everywhere, this costs zero potential energy in G. Also
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so the total cost of free energy is
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The cost per unit area goes to zero for a large system. The prediction of Landau
theory, then, is that the domain wall evaporates into a smooth and delocalized tran-
sition.

This example illustrates two new issues, one local in the configuration space, one
global. The local issues is that there are configurations near each ground state with
very low values of G that are not present in the Ising case. We can take advantage
of these states to smooth the transition between states with different orientations of
the order parameter.

To analyze this point, consider T' < T and expand G[M] about one of its minima.
I will do this for the general problem of an N-component order parameter. Here
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where i =1,---, N. Any configuration
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is a minimum of G, and all of these minima are equivalent by the symmetry of the
model, rotational symmetry in N dimensions. It is most convenient to analyze the
particular minimum in which
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To discuss fluctuations about this state, write
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with ¢ = 1,--+, (N — 1). Now expand G[M] to quadratic order in m{z) and 7*(z).
The derivative term becomes
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The quadratic term in the potential becomes
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The quartic term in the potential becomes
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The full potential is
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The first term is a constant; I will drop it from here on. The second term vanishes
by the condition for the minimum of G,
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This is required, since, if M satisfies the variational equation, the term linear in the
variation must vanish. But notice that setting M, to the minimum value also causes
the coefficient of (7*)? to vanish. The final result is
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Then the fluctuations 7(z) do not cost any energy except through their gradients.



We can understand this structure geometrically by looking at the shape of the
potential energy surface of G. In the Ising case, M has only one component, are we
can draw the potential as

If we expand M (z) = My + m(z), the potential has positive curvature for deviations
of m(z) from the minimum m(zx) = 0.

In the case of a multidimensional order parameter, the potential part of G has the
form
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The field m(z) is the fluctuation of the order parameter in the radial direction. This
is still restrained by the positive curvature of the potential. The fields 7i(x) are the
fluctuations in the directions orthogonal to the radial direction that point around the
ring or sphere at the bottom of the potential well. It costs no free energy to move in
these directions.

Just as we added a term to the free energy to describe slow space-dependence in
the value of M (xz), we can add a term to describe slow time-dependence. This would
modify the variational equation
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This is the wave equation, with sound speed
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The fluctuations of 7%, then, for waves of variation of the order parameter. At low
temperatures, we should quantize these waves and treat the resulting particles with
quantum statistics. The particles are bosons and, since they can be freely created
and destroyed, they have x = 0. Thus, they form a free Bose-Einstein gas like
photons or phonons. They give a contribution to the specific heat Cy proportional
to T°. These particles can be the dominant carriers of heat, momentum, and other
conserved quantities in an ordered medium at very low temperature.

Jeffrey Goldstone realized that the appearance of such low-energy degrees of free-
dom is a general property of systems with a continuous global symmetry that is
spontaneously broken. Thus, we call these particles Goldstone bosons. In particular
systems, these bosons have specific names characteristic of the type of ordering. In a
ferromagnet, these particles are called magnons or spin waves. In a superfluid, they
are called phonons—even though they are not density fluctuations.

The correlation functions of m(x) fall off exponentially, in the way that we saw for
the Ising model. However, the correlation functions of the #* fall off more slowly. In
the previous lecture, I proposed that the Green’s function solution of the variational
equation for M(z) is a good model for the form of the correlation function. Then the
7* correlation function
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should be the solution of
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In 3 dimensions, the solution is a Coulomb potential
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We can use this formula to compute the effect of the Goldstone bosons on the full
spin-spin correlation function in the XY model. It will be convenient to use the
representation in which we write the 2-component vector (M?', M?) as a complex
number M = M' +iM?. Then we can parametrize M(z) with m(z) and 7(z) by the
formula
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that makes explicit that 7 parametrizes a rotation of the magnetization. Since
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Che length of the magnetization vector M (x} is independent of # in this parametriza~
tion. Then it is manifest that w{(x) has a flat potential to all orders.

Now we can compute
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The first expectation value on the right-hand side has only short-range correlations.
In the magnetized phase, it falls quickly to the value
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The correlation function involving 7 (z) has long-range correlations. To evaluate it,
I will assume that 7(z) is a Gaussian random variable. This implies that, while the
2-point correlations of 7 are nonzero,
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the 4- and higher-point correlations vanish. Then we have a method for evaluating
the second expectation value on the right-hand side above. Expand the exponentials
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If we insist on pair up each 7(z) with a #(0) to form a 2-point correlation function,
the nonzero terms have m = n. There are m! ways to do the pairing. Then this
expression evaluates to
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The full result also should include terms involving the 2-point correlation functions
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These functions do not depend on z and turn out just to contribute an overall con-
stant. Thus, finally,
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In 3 dimensions,
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This is a power-law decay to a nonzerc asymptotic value signalling long-range order.
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In a general dimensionality d, the Coulomb potential behaves as
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The limiting case of 2 dimensions is especially important. This case describes, for
example, order-disorder transitions on surfaces or in layered materials. In this case,
the Green’s function that gives the correlation function {m(z)w(0)} is the solution of

-0 VDH = A W)
which is

-— \A --'1
FD’*\ = - ‘n_\:_é |03LIX|)

Then, using the analysis above,
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This expression tends to zero as |£] — o0o. There is no long-range order. In 2 di-
mensions, then, the fluctuations of the Goldstone boson degrees of freedom destroy
long-range order for any system with a continuous symmetry that might be sponta-
neously broken. The explicit argument that I have given here is for the case of the
XY model. However, if the order parameter has more components, there are more
fluctuations, and therefore there is even more disorder. Mermin and Wagner proved
this rigorously:

In 2 dimensions, a system with continous symmetry cannot have long-range order.

For some time, people believed that this theorem forbid phase transitions in the
2 dimensional XY model and in related systems such as thin films of He*. But that
is not correct, as [ will discuss in a moment.

Up to now, we have discussed aspects of the behavoir of systems with continuous
symmetry that are local in the configuration space. However, there are additional
phenomena seen in systems with spontaneous symmetry breaking that are related to
the global topology of the space of minima of G[M].

The topology of the space of minima of G is different for different the different
cases of symmetry group and order parameter. For the three classes of magnets, the
spaces of minima are
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A smooth Z-dependent configuration of the order parameter M (Z) can have finite free
energy only if M(Z) tends to a minimum of G as |#] — oo. Thus, these spaces define
boundary conditions for solutions to the variational equation for M (Z). For example,
for T < T, a minimum free energy configuration is M (z) = Mpn. A small ripple in
M (Z) has finite energy if the configuration tends to Mp7 at infinity. However, there
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are other possible configurations that involve large deviations of M (%) from a uniform
state.

We saw the simplest example of this at the end of the previous lecture. In the
Ising model, the set of minima of G has two disjoint components M = +M; and
M = —My. We found a domain wall solution of the variational equation that is the
minimum free energy configuration with the boundary conditions
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Even though this solution has higher free energy than the uniform state, the config-
uration is stable with respect to small deformations, since small deformations cannot
change the nontrivial boundary conditions. And, those boundary conditions cannot
be deformed into those of a uniform configuration; they are topologically distinct.

More generally, we can characterize possible boundary conditions on M by divid-
ing them into topological classes. A nontrivial solution to the variational equation for
M (Z} that is the lowest free energy configuration with boundary conditions in one of
these topological classes is said to be topologically stable.

In the XY model, the space of minima of G is a circle and is simply connected.
This means that we can smoothly deform the boundary condition of the domain wall
into a trivial boundary condition while keeping the boundary condition in the space
of minima of G.

This is another argument, complementary to the one given at the beginning of this
lecture, that sharp domain walls are not stable in the XY model.

However, in the XY model, there is a new topologically stable configuration, the
vortex. We can imagine a cylindrically symmetric configuration in which the boundary
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condition on M is a function of the azimuthal angle ¢ that winds once around the
circle as ¥ winds around the circle at infinity.
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I will now find this solution from the variational equation. It will be easiest to
proceed if we represent M by a complex number. Then the variational equation is

- -

We can look for a solution of the form
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where ¢ is the azimuthal angle in space,
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The equation for f(r) is
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This equation has a solution of the form
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It gives a vortex-like configuration in which the order parameter vanishes at r = 0
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There are similar solutions with
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corresponding to boundary conditions that wind m times around the circle of minima
of GG as ¥ goes around the circle at infinity. The case m = —1 is called the antivortex.

This configuration does not quite have finite free energy. The gradient of M is
v b
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Then the kinetic terin in G contributes
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The free enei"gy is logarithmically divergent at large distances. However, vortices can
still be relevant in a sample of finite size, epscially if the boundary conditions favor
the formation of vortices. We will see an example in the next lecture.

In 2 dimensions, the vortex is a particle-like excitation
L
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The free energy of an isolated particle in a box of size I diverges like log L, but there
are finite-energy configurations consisting of vortex-antivortex pairs,
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Vortices and antivortices attract each other by a potential
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Kosterlitz and Thouless realized that the density of vortex pairs in equilibrium grows

as T increases, and the atiractive potential becomes weaker. At a certain point, it is
adventageous for the pairs to disscciate and form a2 plasma of vortices
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This is the Kosterlitz- Thouless transition. For T' < Ty, we have a state of the XY
model that is as ordered as possible in 2 dimensions, with power-law spin correlations
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For T > 1}, the spin configuration is more randomized, giving
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where A is the screening length in the plasma. This mechanism describes the phase
transition observed in He? films and in the liquid-solid (melting) transition in 2 di-

Mensions.

Next, consider the Heisenberg model. In this case, the vortex solution becomes
unstable, since we can smoothly deform the nontrivial boundary condition of that
solution to a trivial configuration while remaining at all times within the space of

minima of G.
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Thus, vortices do not appear in Heisenberg magnsts.
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However, there are vortices in the related system of the nematic liquid crystal
This system also has a 3-component order parameter, the vector 7 that gives the
otientation of molecules in the liquid. However, 7 and —7 are identical states
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This means that a boundary condition in which the the order parameter winds
through an angle of 7 at infinity gives a smooth path in the space of minima of G.
More precisely, the space of minima of G is the sphere with opposite points identified.
This sphere contains paths such as

that are topologically distinct and cannot be deformed into the trivial configuration.

We can make use of one of these paths to find a topologically stable vortex solution
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The whole configuration has a smooth join at ¢ = #!,
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INote that Fig. 9.14 in Sethna’s book does not quite describe this solution correctly.
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There are other systems with order-disorder transitions, such as smectic liquid
crystals and superfluid He®, that have even more complex order parameters and ex-
hibit more exotic topologically stable solutions. This subject remains an active area
of research in condensed matter physics.
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