Janary 14

Energy Spectrum: Potentials with Rotational Symmetry

Up to this point in the course, we have ouly studied the Schrodinger equation
in one dimension. In this lecture, T will discuss the Schrédinger eigenvalue problemn
in two and three dimensions. We will sce some new features of the spectrum of
cigenfunctions. The three-dimensional problems are obviously relevant to the study
of atoms in the real world.

Before we begin to consider specific problems, 1 should point out that the struc-
tural results concerning the eigenvectors and eigenvahies of the Schrodinger equation
that we proved in one dimension are equally true in two and three dimensions, and,
in fact, the proofs go through unchanged. Thus, it is true that

1. A time independent potential V(&) leads to solutions of the Schrodinger equa-
tion that have definite frequency
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with ¥(£) an cigenfunction of the time-independent Schrédinger problein
a Lot
- — -~ = ]
Evey = [m2 N+ V] W)

2. Eigenvalues E of the Schrodinger problemn are real: F = E*.

3. Eigenfunctions of the Schrodinger problem with different cigenvalies are or-
thogonal. In d dimensions,
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4. It V(Z) is symmnetric under reflections
-
V&) = V(%)

the cigenfunctions of the Schrodinger problem are either even or odd under
reflections

The last of these results generalizes to desceribe the properties of cigenfunctions for
problemns in which V(Z) is invariant under a larger set of symmetries. An important
casc is that in which V' is rotationally invariant

V&) = Vi =)

In this lecture, we will study the case of rotationally invariant potentials in detail.
In the process, we will gain some data that we can use to formulate the needed
generalization.

Begin in two dimensions. Consider the Schrédinger equation for a rotationally
invariant V. The tine-independent Schrodinger equation is
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It will be helpful to write V2 in cylindrical coordinates
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Then the equation beconies
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Notice that this equation has no explicit dependence on ¢. Then we can find
solutions of the equation using the same trick that we used to solve for the time-
dependence of the solutions to the Schirddinger equation: We can look for solutions
of definite frequency in ¢,

P $) = é:mc‘)l{/(r)

Essentially, we Fourier transforin the wavefunction (%) in ¢. Then we can notice
that the Schrodinger equation does not mix these Fourier modes: rather, cach leads
to its own eigenvalue problem.

The original wavefunction (%) has a definite value at cach point in space. How-
ever, the point £ is not represented by a unique set of (7, @) coordinates. The coor-
dinates
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represent the same point. So, ¥ must have the same value at these two coordinate
points. This implics
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This intcger is called m by universal convention. Please do not confuse it with the
mass m of the Schrodinger particle.



The radial function ¢(r) then obeys the equation
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which is an cigenvalue problem in one variable. Note that this equation depends on
m. 1 will refer to the jth cigenfunction for the equation with given integer m as
Pijm(r). We can call the corresponding cigenvalue Ejn,. Then a general solution of
the Schrodinger equation will have the form
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The form of the radial eigenvalue problem suggests an interpretation of the integer
m. In classical mechanics, the Hamiltonian of a radially symmetric problem can be
written
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where p, is the momentumn conjugate to r and L is the angular inomentumn.  The
term
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is called the centrifugal potential barrier. For an attractive potential, the typical forin
of
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A particle with nonzero angular momentum cannot travel all of the way in from large
r to r = 0. When we convert from a problem in two dinensions to a problem for the
radial coordinate r(t), it is the centrifugal potential barrier that encodes the effect of
angular momentum and keeps the particle away from r = 0. This strongly suggests
that we should identify
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The identification makes sense, because the units of A are
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which arc exactly the units of angular momentuim. I will prove this relation between
L and m later in the course.

A relatively simple two-dimensional Schrodinger problemn is that of the cylindrical
infinite square well,
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The cigenfunctions ¥, () must be smooth functions of r that vanish at r = a. They
obey the equation
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If we let z = kr, the equation becomes
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This is called Bessel’s equation. Its solution are called Bessel functions. Bessel's
cquation arises in maiy contexts in mathematical physics, but this is the most char-
acteristic application. Bessel’s equation has two independent solutions, one of which
is regular and the other singular at z = 0. These are called Jp,(2) and Yy, (z), respec-
tively:
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It is not difficult to guess what these functions look like. Bessel’s equation becomes
similar to the wave equation for large values of z. So, the Bessel functions start froin



thie appropriate forms near z = 0, tunnel out of the angular momentum barrier, and
then begin to oscillate

~

Bessel functions, like Hermite polynomials, are a type of function called special
functions. When ordinary and partial differential equations began to be studied seri-
ously in the nineteenth century, there were no computers, and so it was very important
to work out the properties of the solutions of important differential equations by an-
alytical mnethods. A mathematician would spend a decade completely characterizing
the solutions of a given equation, working out Taylor series and asymptotic repre-
sentations, integral representations, transformations of the solutions and, of course,
tables of values. If the equation turned out to be an important one with many physical
applications, the mathematician would thereby become iinmortal. Mathematicians
and physicists who were interested in the solutions of problems involving particles
and waves would need to have this information at their fingertips, and so they would
spewd many years becoming familiar with the detailed properties of the major classes
of special functions.

Today, this kind of knowledge is more and more rarc. Today. a physicist who
wants to solve a differential equation can put it on a computer and casily find a graph
or a sct of numerical values. However, it is sometimes useful to have an analytic
understanding of the solutions. Fortunately, some excellent references have been
created where it is possible to look up the properties of the major special functions.
Two web sites that are very usceful for this purpose are:

e the NIST Digital Library of Matheimnatical Functions: dlmf.uist.gov/

o Wolfram MathWorld: mathworld.wolfram.com/
The NIST reference is also available in less technologically advanced form called
a “book”. The computer application Mathematica directly computes many spe-

cial functions. For example, the Bessel function Jp,(z) is called in Mathematica
as BesselJ[m, z].

We have now almost completed the solution for the eigenfunctions of the cylindri-
cal square well. All that remains is to satisfy the boundary condition 9;m,(r) = 0 at
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r = a. To do this, we adjust k so that the value z = ka corresponds to a zero of the
Bessel function. Let

Zym

be the jth zero of J,(z). Then the most general cigenfunction has the form
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The corresponding energy is
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Here are sketches of the radial part of the eigenfunctions:
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The details of these solutions arc developed further in the problem set.

The cigenfunctions we have found obey the orthogonality relation
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I cylindrical coordinates, this takes the form
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Notice that this expression involves
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which integrates to zero when m # m’. Thus cigenfunctions with different m are
automatically orthogonal. When m = m/, cigenfimctions built from different zeros of
Jm(2) obey the relation

W& Bn\‘ﬁm%) SM(ZS‘M"E) = O 3‘4:'3'

That is, the various functions
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arc orthogonal with respect to the measure
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This relation can be proved directly froin Bessel’s equation by a method similar to
the one we nsed with the Hermite polynomials.

Now let’s go on to three dimensions. Again, I will study potentials of the form
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We now need the Laplacian in spherical coordinates
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The eigenvalue problemn for a spherically syminetric potential is then
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We can simplify this problem by looking for solutions of the form
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as we did in two dimmensions. It is less clear what to do about 6.

I propose that we treat the entire picce of V2 involving angular derivatives as a
special cigenvalue problem for cigenfunctions ¥(6, ¢)
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For the moment, I will call the cigenvalues A. The corresponding cigenfunctions
¥a(6, $) play the same rol@ on the sphere as the sine and cosine functions play on
a one-dimensional interval—they provide a basic set of functions in which any other
function can be expanded
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A general function of (r, 8, @) can then be represented as a sum of terins of the form
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Thus, we can then look for eigenfunctions of the complete Schrodinger problem of
the form

Yap) - e

where ;4 () solves the cigenvalue problem
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The second term in parentheses again can be interpretated as a centrifugal potential
barrier for this three-dimensional problem. Tt is thus tempting to identify

T = WA

I will give a derivation of this connection later in the course.

The cigenfunctions ¥4 (60, ¢) have the formn
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Before studying the general case, T would like to spend some time on the important
special case of cylindrically synunetric functions, that is, the case m = 0.

For m = 0, the cigenvalue problem for 44, (0) simplifies to
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To solve this equation, let
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Then
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and the cigenvalue problem becomes
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where ¥(g) a function on the interval (—1,1). We can try to guess some solutions to
this equation. Two casy cases are

) = 1 AN=o0
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This problem is thus simmilar to the problem of solving Hermite's equation. If we
try a polynomial solution, the polynomial structure is preserved by the equation. So
we can propose a solution of the form

£ -1
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The equation is symmetric under z = —z, so the cigenfunctions are alternatively
even and odd. Plugging this into the equation and matching terins of order z¢, we
can compute the corresponding value of A. Then the terms of lower polynomial order
can be solved for the coefficients a, b, . ... The terms of order 20 are
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The next two polynomial solutions are then
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Note that
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"This is not an accident. These polynomials are orthogonal on the interval (-1, 1), as
we will see below.

The equation
(05 +28) Pe - 4Bk

is called the Legendre equation. The polynomial solutions Py(z) are the Legendre
polynomials. The standard convention for these polynomials chooses a different nor-
malization from that given above.

You have already met the Legendre polynomials in another context. In electro-
statics, a key problem is to solve Laplace's equation
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to find the potential () due to a point charge located at 7. The solution is of course
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For |y] < |Z], we can expand in y = |g], and we find
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The standard way to write this expansion is
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The Legendre polynomials appear becanse we analyze the Laplace operator in splier-
ical coordinates as above. Each term is a solution to
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For the term with Pp(cos @), you can check that
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This expansion gives the standard normalization of Py(z). The first few Legendre
polynomials are
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Setting £ = 1, cosf = 2z in the above expansion, we have
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This function T(z,y) is a generating function for the Legendre polynoinials,
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Though it is not very obvious, you can show by working out sufficiently many cases
that the expansion of T(z,y) gives the following explicit expression for the Legendre
polynomials:
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This series expansion is also the series expansion of the expression
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which is called Rodrigues’ formula for the Legendre polynomials. A nicer derivation
of the Rodrigues’ formula— which, however, requires some complex variable theory
can be found in Setion 15.1 of the classic (1902) textbook on special functions, A
Course of Modern Analysis, by Whittaker and Watson.

Rodrigues’ forinula is a very useful starting point for the derivation of many prop-
crties of the Legendre polynomials. One of these is their orthogounality relation. The
solutions of the three-dimensional Schrodinger equation from which we started obey
orthogonality
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by our general proof. If we write the eigenfunctions as products of functions of r, 8
and ¢, as we did above, this relation becomes
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We might expect that cach factor reflects an orthogonality relation in its subspace.
We already saw that
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For the 8 eigenfunctions, we would expect the relation
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or, sctting z = cos#,
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For m = 0, this rclation reads
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I will prove this relation directly from the Rodrigues formula.

Begin with the integral
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Counsider the case € > €. Integrate by parts from left to right. The surface terins
vanish; the function
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vanishes at z = £1 for m < ¢, since (22 — 1)° has € zeros at cach endpoint, and
differentiation removes only m of them. Finally, we find
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since £+ € > 2. The casc £ = {' gives the normalization of the Legendre polynomials.
The same integration by parts procedure gives

e (7)) - (o v e

Using the (somewhat nontrivial) integral
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The first four Legendre polynomials have the forin
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With this knowledge in hand, we can go back to the general case m # 0. The
generalization of the Legendre equation is
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Some regular solutions of this equation for m = 1 arce
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and for m = 2,
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These solutious arc called associated Legendre functions. The gencral formula for
these functions, for m > 0, is

m
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The solutions for (—m) obey the same equation as the solutions for m, so, by con-
vention, we set
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The corresponding cigenvalues take the form
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n

just as for Pe(z).

The complete eigenfunctions of the (6, ¢) problein are called the spherical har-
monics, notated Yp, (6, ¢). These have the form
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They obey the eigenvalue equation
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By convention, the Y, are normalized to
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The first few spherical harmonics are: for £ = 0.
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for ¢ — 1.
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The spherical harmonies obey the orthogouality relation
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These can be shown to be a complete set of indepedent functions on the sphere. Then
any function of (8, ¢) can be written in the form
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where, as with Fourier series, the function on the left is approximated to arbitrary
accuracy as more terms are included. The orthogonality relation gives the formula
for the coefficieut functions
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Notice that, for ecach discrete value of the cigenvalue A. that is. for cach value of
C. there are (2 + 1) independent spherical harmonics.

We can sunumnarize this discussion as follows: Each cigenfunction of the Schrodinger
cquation for a rotationally symmetric potential in three dimensions can be written in
the form
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where 9;0(r) is an eigenfunction of the equation

22



1 ) £ Al)
E Yeto - ("t\- A R Ine™ )L@e )

m

We will study solutions of this equation in the next lecture.
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