March 11

Quantum Computing

In this lecture, I wounld like to describe a relatively new and quite wonderful
application of quantuin coherence. This is the idea that quantum colierence can lead
to new computer algorithms of higher efficiency.

In a realistic computer, we encode numbers as strings of 0's and 1's represented
as the orientation of magnetic domains
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It your laptop, these domains are small but nevertheless macroscopic. The macro-
scopic size of the domain allows the orientation to be read in and out with high fidelity.
Still, the domains used for magnetic storage are constantly being made smaller. In the
limit, you might imagine that we could encode 0’ and 1’s in single spius or in single
two-level systemns of other kinds. Then an N-digit binary value would be represented
by a quantum state
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For this lecture, I will refer to [{) and |1) as |0) and |1), respectively. This encoding
of 0 or 1 as a quantuin state is called a. qubit.

In the 1980’s, Charles Bennett, Martin Dentscl, and others investigated the spe-
cial properties of algorithms that preserve the coherence of the quantum state without
collapsing it. This ficld received a tremendous boost in 1994, when Peter Shor dis-
covered that an algorithin that exploits quantum coherence can solve the problemn of
factoring large number in polynomial time. This factorization problem is a famnous
example of a problem requiring exponentially long timnes on a classical computer; in
fact, the intractability of this problen is the basis of RSA encryption. There are
other problems for which quantum computer algorithms give a special advantage,
and undoubtedly there are many more to be discovered. Inr this lecture, I would like



to give you a taste of this snbject and deseribe a sinmple example in which the use of
quantum coherence can give a dramatic speed-up of a computation.

There are some excellent introductory textbooks on quantumm computing. Two
that I particularly recommnend are An Introduction to Quantum Computing, by Kaye,
Laflanmumne, and Mosca, and Quanturn. Computer Scienee, by Mermin. This lecture
will borrow especially from the first of these texts.

In ¢uantumn computing, we solve a compntational problemn by setting up an ap-
propriate initial state, acting on it by a series of appropriate unitary transformations,
and, finally, making a measurement on the state that results. A key part of the strat-
egy is to avoid making any measurements, and to avoid collapsing the wavefunction,
until the final step.

In classical compnting, we can formalize the transforinations on classical bits 0
and 1 as products of a standard sct of gates. Examples of these are 1-bit gates
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and 2-bit gates
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The gate XOR. is called, in longhand, ezclusive OR. In theoretical computer sci-
ence, it is proved that these gates are the basis for a undversal computer. That, is,
any computation can be carried out by an appropriate sequence of there operations.
‘To implement a classical computer in hardware, then, we need only find a way to
implemnent cach operation of the minimal set.

In quantuin compnting, gates are implemented by umitary actions on qubits. An

implementation of NOT is the operation of o®
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For the rest of this lectnre, T will write X = o*.

The 2-bit operations above caimnot be implemented as unitary transformations,
since they contract the dimensionality of the Hilbert space. More generally. we cannot
implement a function that carrics two qubits to one qubit. A unitary transformation
must preserve the size of the Hilbert space, and it must be reversible, so each result
of the operation must be unique. Here is a unitary implementation of XOR; we carry
through the first bit to the first bit of the result, and put the result of XOR into the
sccond bit of the result.
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This operation can also be written as controlled-NOT or ¢-NOT
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A diagraminatic notation for the flow of the computation (left to right) is
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That is, a unitary action can transform a product state into a state that is not a
product and, in fact, encodes a specific correlation between the two states. In this
case, we say that the product state is entangled. In the example shown, the result of
a measurcinent on the first state is uncorrelated with the result of a ineasureient ou
the sccond state. Measurcinent of the frst state gives 0 or 1 with 50% probability.
With the entangled state, the sitnation is quite different. There are two possibilities
for the measurement of the two spins:
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Measurement, of each individual state gives 0 or 1 with 50% probability. However,
measurement of the value of the first state predicts the measurement of the value of
the sccond state, or vice versa. This property of entanglement is seen in quantum
states that arise from natural physical processes. T will give some examples in the
next lecture.

It can be show that the set of general 1-qubit gates, together with one 2-qubit
gate that can generate entanglement of a product state [¢y) [psia). gives a basis for a
universal quantuim computer.

An immportant 1-qubit gate is the Hadamard gate H
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To save notation, I will denote
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Note that
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Here is an interesting elementary application of the Hadamard gate to quantum
computing, due to Deutscli. There are four possible functions taking (0, 1) to (0, 1).
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We can implement cach of these functions fo(z) as a linear transformation on a 2-
(ubit state as by the unitary transfosimation Uy given by
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The transformation Uy is implemented by action of X on the second qubit, controlled
by the first qubit. Diagrammatically,
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Two of these functions give equal results when acting on 0 and 1, and two give
different results. How easy is it to check that the two results are equal? With a
classical computer, we must make two measurements: We measure f,(0), we measure
fa(1), and we conipare the results.

In quantum computing, it is possible to perform this check with only one mea-
surement. Start from the state
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Act with Uy. Notice that

T



. 190 - V1D ErERY)
|(' -([5) e O \Q)( ey ) - oD .{T._—' = + |3 1->
J = Jo I “'-)) f ) =1 = = Ol
4 §9 =1 Y(222) 5 e = >1->
Then 5 | W
. (W) Cr AL N
1,0 (8-> — « '
N BT +\D) - 19 =Y
£+ ( = )\ = 7
1 1l . - 13 +0)
's"l- : ( N 7 — T B
) +\")) -l -t
. D)
£y ( ) w =
Acting with H on the first qubit gives
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Finally, incasure the first qubit. If the result is 0, f(0) = f(1): if the result is 1,
f(0) # f(1).

Here is a more elaborate and stranger example using similar concepts: Let z be a
number of n binary digits, that is a nmnber from 0 to N — 1, where N = 2°. We can
pick one such number w to play a special role. For example, we can have a function
f(z) such that
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The problem is to find w given the function f(z).
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Classically, there is no siimple solution to this problen. We would have to evaluate
f() for cach possible value of z until we find a value that gives 1. In this worst case,
this requires N — 1 evaluations.

Grover gave a clever quantum algorithun to find w much more rapidly. This algo-
rithm makes use of an n-qubit Hadamard gate. The action of the 1-qubit Hadamard
gate gives, for z = 0 or 1,
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In the same notation. the action of H on both states of a 2-qubit state gives
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In general, the action of the H on all states of a n-qubit state gives
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In particular
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To set up the problem for a quantum algorithim, we need a unitary implemnentation
of the function f(z). For this, introduce another state |r) whose initial value is |-).
Let Uy be the action of X on this state controlled by z; that is, we evaluate f(z) from
the properties of the n qubits, and the apply X&) to |r). As we saw in the example
of Deutscli’s problem, this gives
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The sign is an overall sign for the state, and we can equally well consider it as a sign
(+1) or (—1) applied to |z). Iu the rest of the argument, I will take this point of
view, and T will not write |r) explicitly.

In addition. it will be uscful to define another unitary transformation Ug, corre-
spouding to a function Fp(z) with the values
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Grove showed that it is possible to solve the problem of finding w by starting from
the state
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and applying repeatedly the set of unitary transformations
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To understand this iteration. we can perform one step in a rongh way. The oper-
ation Uy modifies the state H-N)) by changing the sign in front of the term involving
|w)
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We can rewrite the resulting state as
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These states are not quite orthogonal, bl‘l"‘r‘ the af,fvct of orthogonalizing these states
is only of order 1/v/N. Now act with H UpH. This reverses the sign of the term
involving |w), again, up to terms proportional to the overlap between |w) and Hh).
The final result is approximately
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The amplitude of |w) has been amplified. The idea of Grover’s iteration is that, if we
aintain the quantum coherence of the state, cach amplitude of the |w) term will be
further amplified until this term is dominant.

We can analyze the iteration more carefully. Let
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A uscful state orthogonal to this one is
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Then the relationship among these four states is

L]

WD = UsO 1Y) +5he W (WD = & IP) - sm@ YD

SO VD + O 1ED

T = - IOy +0sQNWD [

In Grover’s iteration, we start from [+). The first step of the iteration is
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We can rewrite this state in ters of ) and |1,/)>,
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The state H]’l/'> is orthogonal to |0), so it gets a (—1) under the application of Ugp.
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Finally, applying d , we find
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The complete effect of Grover's iteration is
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In a similar way, a sccond iteration gives
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After k iterations
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If we can find & such that
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the term with |}tf) disappears and we find
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It N is large, the angles in successive iterations are very closely spaced. We can
approximate
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so value of & that gives the best approximation to |w) is
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After this munber of iterations, we measure the n bits, and, with very high probably,
we can read off correctly the binary expansion of w.
There are many more surprises in quantum computing. 1 encourage you to look

further into the textbooks mentioned at the beginning of this lecture to learn more
about them.



The leading problem today in gqnantuin computing is the question of how a quan-
tiun computer might be realized in a physical system. Quantum computers have been
built with handfuls of qubits, but ideally we would like to have systems with millions
or billions of cubits. This is what we would need to allow quantumn computers to
compete with the current generation of computers.
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