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Energy Spectrum: Harmonic Oscillator

For our next examnple, I would like to discuss the quantiin harmonic oscillator.
The harmonic oscillator has a very iimportant role in quantuin mechanics, as it does in
classical mechanics. First, just as in classical physics, alimost every mechanical system
has a “spherical cow” approximation that is equivalent to a harmonic oscillator. The
exact solution of this problem gives insight into the physics of the full problem.
A specific example occurs in the study of diatomic molecules such as Og. These
molecules have a particular set of quantum energy levels associated with vibrations
of the bond length.
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Second, every mode of an electromagnetic wave in space is formally described by a
harmonic oscillator. The quantum theory of the harimonic oscillator will eventually
tells us how to quantize the electromagnetic field.

For the moment, I would like to solve the quantum harmonic oscillator in its
simplest, form. We consider the Schrédinger equation with the potential
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The classical problemn is described by a Hamiltonian energy formula
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The classical equations of motion are



or

The classical solutions are sinusoidal oscillations
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The quantum problemn is described by the time-independent Schrodinger eqnation
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The methods used in the previous lecture indicate that this is a problem with diserete
spectrumn only. First. consider solving this equation when |z| is very large. We can
ignore E and also drop other terins in which z appears to a smaller power than z2.
Then the equation that we need to solve is
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The solutions
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solve the equation to the leading power of . Then the most general solution of the
Schrodinger equation behaves as @ — 0o as
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Any solution with C # 0 has incorrect boundary conditions at infinity. This is the
generic situation. However, as we saw in the previous lecture, we can integrate the
Schirédinger equation starting from a solution that behaves as
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as x = —oo aud look for discrete energies B, where C(E;) = (0. These E; are the
discrete eigenvalues.

The lowest-cnergy cigenfunctions will have the form \%
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These functions will be alternately cven and odd under £ — —z, as required by the
theorein that we proved in the previous lecture. The cigenfunctions will have 0, 1, 2,
... zeros, with the zeros of cach function interleaving the zeros of the previous one.

We will now find these solutions explicitly. It is convenient to define
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The units of the various factors are
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so the prefactor in € has the dimensions of 1/m and thus € is dimensionless. In ters
of &, the Schrodinger equation becomes
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This is also a dimensionless quantity. The Schrodinger equation can be rewritten as
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To begin, we can try to solve this equation by
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Computing
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we find
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so this function satisfics the cigenvalue problemn with
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This simple solution 1s of exactly the right formn to be the lowest energy cigenfunction
sketched above.

To look for more cigenfunctions, we can assuine that the solutions are of the forin
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The equation now becomes
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The function
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satisfics this with € - % Similarly,
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solves the equation with e = % This gives an cigenfunction of the form

wliich would then correspond to the second energy level.

We now see that there is an algorithin for finding polynomial sohitions to this
differential equation. Look for a solution of the forin
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plus lower-order polynomial terms. Plugging this into the equation, we find
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This is consistent if
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The next terms are proportional to £ 2. We can solve for the coefficient of the £n—?
term in A(€) in terms of the coefficient of the €* term. The equation never gener-
ates terms with negative powers of €, only lower-order polynomials, so the process
cventually ends with the €' or €2 terin. Proceeding in this way. we find for every n a
solution of the form
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where the cocefficients a, b, cte. are determined. The next solution beyond the ones
given above is
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The differential equation
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was actually studied by Hermite in the 19th century. The polynomial solutions that
I have discussed are called the Hermate polynomials. Conventionally, the Hermite
polynomials are normalized so that the leading term is
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The Herniite polynomials have an interesting mathematical theory. These polynomi-
als can be expressed as the successive terms in the expansion of a gencrating function
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The function S(€, s) satisfies the equation
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If we expand this order by order in s, we find the Hermite equation for cach n. This
approach gives the following alternative expression for the Hermite polynomials:
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We have now found an infinite discrete family of cigenfunctions of the gquantum
llarmonic oscillator problem
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forn =0,1,2,.... where Ny, is a constant that normalizes the wavefunction. The nth
wavefunction has the shape
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with n zeros. This is just the shape we expect for the (n+ 1)st energy cigenfunction.
These functions then account for the full set of discrete eigenfunctions of this problen.

These wavefunctions are normalized if
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This relation can be proved using generating function.

The formula for the energy levels is very simple:
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The levels form a pattern with equal spacing
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In the study of atoms or other quantum systems, a set of levels with equal spacing
indicates that the system contains component that is well approximated by a harmonic
oscillator.

Once we have constructed the full set of eigenvectors, we can solve the initial value
problem for the SclirGdinger equation in the same way that we solved the initial value
problem for the square well. Start with an initial condition g(z), which should be
a smooth function with correct boundary conditions as |[z] — co. I claim that any
such function can be approximated as a lincar combination of the eigenstates
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wliere, again

I will not prove the claim here, but T hope you find it reasonable. An appropriate
Uo(z) has the form
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Over any finite interval, the function P(€) can be approximated by a polynomial. If
we choose the interval (—b, b) such that
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we obtain a very accurate approximation. The polynomial can then be written as a
lincar combination of Hermite polynomials. Once we have obtained ¥(z) in the above
forni, we can solve the Schrédinger equation by giving each term its appropriate time-
dependence. Then the solution is .
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Notice that this general solution of the time-dependent Schrédinger equation is (up
to the pure phase in front) periodic with period
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The probability density
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is periodic with this same period T. Thus. the quantum harmonic oscillator really
does predict periodic oscillations with the expected frequency §2.

To complete this argument, T would like to give a better method for finding the
approximation cocfficients ¢,. The proof of the orthogonality of wavefunctions of
different energy applies here using the sane argunents that I gave in discussing the
square well potential. Then, here also,
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The cigenfunctions are orthogonal and, with the cocefficient given above, also normal-
ized. Then the ¢, are given by the integral
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I would like to say one more thing about the orthogonality of these cigenfunctions.
The orthogonality relation, written explicitly, is
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This equation can be rewritten in an interesting way. Define a measure
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Then the orthogonality relation takes the simpler or more obvious form

B HO Ha) =0 € e

We say: If n # m, the Hermite polynomials Hy,(€), Hn(€) are orthogonal under the
neasure L.
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We already know that this equation is true, but anyway I would like to give a
direct proof. Start from the Hermite equation
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This allows us to write
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We can prove orthogonality if we can show that the left-hand sides of these two
equations arc cqual. To do this, integrakby parts. All bound: ary ternis at oo vanish.
Then
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or, finally,
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So, the method works. We find
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Then Hermite polynomials with different index n are orthogonal under the meaure
. This gives another piece of the theory that we are progressively developing.
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