February 25

Angular Momentum

In our discussion of the basic principles of quantum mechanics, we introduced
the unitary transforinations that generate time translations, space translations, and
rotations. From these, we defined the Hermitian operators

H P J

associated with the fundamental conservation laws of energy, momentiun, and angular
momentum. We studied H and P in some detail in the past few lectures, but I
postponed the discussion of J. We are now ready to analyze J and understand its
properties.

As a preface. let’s review what we learned about P. By virtue of the role of P as
the generator of translations. this operator satisfies the commmnutation relation

[X,P] = K
or, in 3 dimensions

[x5®'] - ik &8

From this, we found the representation of the operator P on Schrodinger wavefunc-
tions

'f')z-i‘kl' = $=‘l’t<\—/’
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In this lecture, T will use a similar logic to construct the commmutation relation of J
aid the explicit form of this operator as it acts on a wavefunction.

We can start from a part of the theory that is already familiar to you, the de-
seription of rotations on vectors. We represent a vector in 3 dimensions as a triplet
of real mmnbers

—
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A rotation by an angle a about the 2z axis transformns this set of munbers by the
matrix action

v v A,
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where R(a), the rotation matrix, has the explicit form
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Rotations are infinitesimally generated. Thus, we can understand the form of a
rotation matrix by considering it as a sequence of rotations through a very sinall
angle. Let o = Ne. Then

R = [Q(G)JN

Expanding the rotation matrix given above,

Rley= 1 + €<Z?:% P



The matrix R(e) is norm preserving in a real-valued vector space, so R(c) is a unitary
matrix. We can then compare the infinitesimal form of the rotation matrix to our
standard form for an infinitesimal unitary matrix

Ulle) = '\~‘L€C; + - -

where G is the generator, a Hermitian operator. In this case, the generator G is the
matrix
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which is an antisymmetric Hermitian matrix.

According to our general theory, we can reconstruct the finite rotation matrix by
taking the exponential of the generator,

e SZ
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You can check explicitly that this works. The power series of the exponential is

fR\oQ-: /.L - 'lo(Sz + (ld)§2) + (lo() (S) 3.
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Using these identities, it is not difficult to write cach term in the power series as a
3 x 3 matrix and show that the power series for the matrix clements sum up to the
sina and cosa factors above in the correct way.

I would now like to ask, what is the most general rotation? I will define a rotation
as a linear transformation on 3-dimensional, real-valued vectors that preserves the
vector product

VW= (RY) -(RW)

and is infinitesimally generated. Actually, there is a transformation called parity that
satisfies all of the eriteria except that it cannot be obtained from the identity as a
product of infinitesimal rotations,

-1 O ©
T = O~ ©

The set of all infinitesimally generated rotations is called SO(3): the set of tranfor-
mations that includes these, the parity operator, and products of the two is called

0(3).

If R preserves the vector product, then

Vit = @5V (RFWR) - VIRIRMWK

R'R. = {

The formn of this equation for an infinitesimal operation is
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which implies
T
G +G = O

Thus, in general, the generator of a rotation is an antisymmetric matrix. Since it
must also be Hermitian, it must be imaginary-valued.

In 3 dimensions, there are precisely 3 independent antisymmetric 3 x 3 matrices.
These are
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These matrices can be conveniently written as
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The infinitesimal rotation of a vector is then

(REV) = (89 - 21 €1y €Fen) W
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This equation describes the rotation of a vector by an angle |€] about an axis € (the
unit vector in the direction of €). This arguiment shows that every rotation in the sense
defined above is in fact a rotation about a definite axis. We can then paramctrize
a general rotation in 3-dimensional space as a vector @, where a is the axis of the
rotation and |@]is the angle of the rotation. The matrix corresponding to this finite
rotation can be written

R&) = €

Notice that the matrices S* do not commnute with one another. This is expected,
because two general rotations in 3 dimensions do not commute.  For example. a
rotation by 90° about 2 followed by a rotation by 90° about g

2
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does not give the same result as a rotation by 90° about § followed by a rotation by
90° about Zz,
T
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The non-commutation properties of the S* actually give us a relatively straight-
forward way to understand the non-commutativity of more general rotations. The
commutation relations of the S* are actually quite simple. For example,
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More generally. as you can casily show,

. : k
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It can be shown that this commmutation relation determines the multiplication law
for any two 3-dimensional rotations. Write

a8 L 8%
CE Re) - e )

Then the product of the two rotations is the result of the matrix multiplication
—
RORE) SR

We can find the result by expressing each exponential as a power scrics, multiplying
the two series together, and then forming the result into the series of an exponential.
The only ambiguity in carrying out this calculation is that the generators Sk might
appear i a string, c.g.,

*ghgIgEgn



that needs to be re-ordered. The comnmitation relation of the S* tells us how to put
this string into a canonical order.

Let’s now turn to the action of rotations on Schrodinger wavefunctions. To be-
gin this discussion, I wonld like to discuss the action of translations on Schrodinger
wavefuntions. The translation

—n -—

X — Y!' = xta

transforms a wavetfunction ¥(&) according to
{ - =
Yo — W@ = Q(/(X-C\

To justify this, note that, if ¢(£) has a maximum at Z = &, the maximum of v/(7)
will occur at & = Zp + @. For an infinitesimal translation, |a@] very small.

, —
P = WPE) = Yo - aVPE) +--.

In our description of the Hilbert space of Schrodinger wavefunctions, the translation
of a wavefunction was given by

P - Uc W (l-ig—f34’

Identifving these expressions, we sce that the operator P acts on Schrédinger wave-
functions as

P o -k



in accord with the representation that we derived carlier.

For rotations, we can follow this same line of argument. A rotation acts on a
Schrodinger wavefunction as

Vg — W - P Rz X )
The infinitesimal form of the rotation is

R = = dxX+.-.
5o
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This expression must be identified with
2T
Uy = (412 vy

Then we find
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or, in components,



Ja = -L+\ €Jkle Xk T\(’Q

I apologize that, at this point, I am going to change the notation slightly. Con-
ventionally, we reserve J to represent the total angular moment of a systemn. When
we discussed real atoms, we saw that an electron actually carries angular momentim
in two places, first, in the angular momentum of its orbital motion, second, in the
mysterious spin degree of freedom. Then, for an electron, we write

3-T +5S

where L represents the orbital part of the angular momentu and S represents the spin
angular momentum. So, from here on, I will define

' « 2. >
[.J = -k e xt %

and call this orbital angular momentum. For a simple particles described completely
by its Schriodinger wavefunction, this is the only source of angular momentum.

Notice that

phe Mkt o T X

This dovetails nicely into your knowledge of classical particle iechanics.

As with P, it is important to work out the commutation rclation of L with X.
This is readily done:
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Similarly, we can work out the commutation relation of I with P,
[P L] = W [?")X"Ie]
el xt] Bf
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Again,
[ XL 9 ‘L:):\ :")ﬁ eo‘:)lﬁxk [’Eg L:_) ] - v|k€pl)\( ?k

We can rewrite the commutator of X with L in the following suggestive way:

)W(A-vEEY = (i) R Bk xk

Since

this is the infinitesimal form of the relation
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Y U - U@E) (R X))

This cquation says that if we first incasure X, then rotate the answer, and then rotate
the system, we gt the same result as we do wh( n we first rotate the system and then
nicasure X. A similar result applics for P,

—

7 O = UE (R&ST)

In fact, if A is any operator that transforms as a vector under 3-dimensional rotations
(for example, the dipole moment of a molecule), it should obey the same relation.
This relation is cncoded in the conmnutation relation

[ALD Ll} = CLQ \)L

Actually, angular momentun is itself a vector operator in 3 dimensions. Thus, we
expect

[T,1)] - venk

This can be proved directly. First, .
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The €% symbol obeys the identity
abe _ad Ld d

6 € aqe - g SCQ _ g'b'{ g(
Applying this identity, the above expression becomes
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and, applying the identity in reverse, we find
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The commutation relation of L' with L7 tells us two things: First, it tells us that L
transforms L as a vector under 3-dimensional rotations, second, it tells us that the
components of L have the proper commutation relations with one another so that

their exponentials
—p
- =3
o /t

DEy = €

have the standard multiplication law of 3-dimensional rotations.

A scalar quantity should be invariant to rotations and thercfore should commute
with L. Let A be a vector operator with the commutation relation with L given
above. Then
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The contraction of a symetric and an antisymunetric matrix is zero: thus,

CATY)

*

[A20]) = ©

Note that, in this derivation, we did not need to assume that the components of A
commute with one another. In particular. this argument is valid for the square of L

itself and implics
2 .
[, 1¢]- 0

To complete our study of the action of L on Schrodinger wavefunctions, let’s work
out the form of L in polar coordinates. Begin with

Z ‘
L :-lt(*%‘b%)

Using

Y
T = (Kegt ) wsf = % + = day '

and the transformation of partial derivatives
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This expression collapses to

z SR
= - "k '__l
The cigenfunctions of this operator are

.tm:‘) ‘
<, m = mﬁ&w

and the corresponding eigenvalues are



Tom

This is the association that was suggested by the form of the Schrodinger equation

for a particle in a spherically symmetric potential
derivation.

. Now we have a first-principles

The expressions for L* and LY are somewhat more complicated. For L®,
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For LY,
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Now we can form L? = (L®)? + (L¥)? + (L?)?,
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Many terms (r]ll((l but some are left, including terins created by the action of 9/06
aud 9/0¢ on 6- fmd ¢-dependent cocticients
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The final result is

2 2 LD g2 A\ .?:,
-4 [ mo 0 9% Y e 93{91/}

This is exactly the operator whose eigenfunctions are the spherical harionics. This
completagthe full, first-principles, derivation of the equation

S
_'L\Lvm_ -‘-\ L 3 ’LD + TA
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with the identification of the operator L? with angular momentum.

You should recall that the eigenvalues of the operator L? are

LA+



for € =0,1,2,.... The maximum value of (L*)? in a state with € = £ is
(L,l‘)'l t\'l Q’L
We must have

L* » (LY

simply because (L®)%+ (L¥)? is a sum of squares. However. it is somewhat surprising
that equality is not allowed. This is true because

[t 40 [L)LY] 40

If L? is known precisely, the values of L*, LY must be indefinite. Then the expectation
values of (L*)? and (L¥)? must be strictly positive.
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